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Abstract 

We study precontact groupoids whose infinitesimal counterparts are Dirac-Jacobi 
structures. These geometric objects generalize contact groupoids. We also explain the 
relationship between precontact groupoids and homogeneous presymplectic groupoids. 
Finally, we present some examples of precontact groupoids. 

1 Introduction 

Presymplectic groupoids, introduced and studied in [2], are global counterparts of Dirac 
structures. They allow to extend the well-known correspondence between symplectic 
groupoids and Poisson manifolds to the context of Dirac geometry. Moreover, they provide 
a framework for a unified formulation of various notions of momentum maps (PQ)- On the 
other hand, Dirac-Jacobi structures (called £ (M)-Dirac structures in jllj ) include both 
Dirac and Jacobi structures. They naturally appeared in the geometric prequantization 
of Dirac manifolds |13| 11 4 j . 

In this paper, our aim is to investigate the integrability problem for Dirac-Jacobi struc- 
tures. This work is motivated by the fact that many Dirac manifolds can be quantized 
through their integrating Lie groupoids. We show that the global counterparts of Dirac- 
Jacobi manifolds are what we call here precontact groupoids. In particular, we recover 
the integrability of Jacobi structures 4 . We also prove that there is a one-to-one cor- 
respondence between precontact groupoids and homogeneous presymplectic groupoids. 
Moreover, the precontact groupoid G associated with an integrable Dirac structure Lq on 
M is just the prequantization of the presymplectic groupoid G associated with Lq (that is, 
the central extension of Lie groupoids M x S 1 — ► G — > G satisfying some compatibility con- 
ditions), provided that the canonical Dirac Jacobi structure L on M corresponding Lq is 
integrable, see Section T5. 21 We should mention that M. Zambon and C. Zhu independently 
study the geometry of prequantization spaces ^1] . 
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Here is an outline of the paper. In Sections 2 and 3, we give some definitions and results 
needed to establish our results. Section 4 contains our main results (Theorems 14.21 and 
14. In Section 5, we give some examples of precontact groupoids. 

2 Basic definitions and results 

2.1 Dirac structures and presymplectic groupoids 

Let M be a smooth n-dimensional manifold. There is a natural symmetric pairing (•, •) 
on the vector bundle TM © T*M given by 



Furthermore, the space of smooth sections of TM © T*M is endowed with the Courant 
bracket, which is defined by 



Definition 2.1 J21I3] A Dirac structure on a smooth manifold M is a subbundle L of 
TM © T*M which is maximally isotropic with respect to the symmetric pairing (•, •) and 
whose space of sections is closed under the Courant bracket. 

Let Lm and Ln be Dirac structures on M and N , respectively. We say that a smooth map 
F : M —> N is a (forward) Dirac map if Ln = F*(Lm), where 



Recall that any Dirac structure L has an induced Lie algebroid structure: the Lie bracket 
on r(L) is just the restriction of the Courant bracket and the anchor map is the restriction 
of the first projection to L, i.e. pri\z : L — > TM. Now, suppose that L is a Dirac structure 
which is isomorphic to the Lie algebroid of a Lie groupoid G. Such a Lie groupoid is called 
an integration of the Lie algebroid L. Then, there exists an induced closed 2-form on G 
with some additional properties. More precisely, 

Definition 2.2 [5] A presymplectic groupoid is a pair (G,u>) which consists of a 

a 

groupoid G =4 M such that dim(G) = 2dim(M), and a 2-form uj € Q (G) satisfying 



the following conditions: 
(i) uj is closed, i.e. du; = 0. 




for any X x + X 2 + £ 2 G T(TM © T*M). 



F*{L M ) = {(dF)(X) + £ | X + F*£ E L M }. 



(ii) uj is multiplicative, that is, m*uj = pr\ui + pr\uj . 



(iii) Ker (u x ) n Ker (da) x n Ker {d0) x = {0}, for all x G M. 
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We say that the presymplectic groupoid (G,u>) is homogeneous if there exists a muti- 
plicative vector field Z such that Cz^ = 

The relationship between Dirac structures and presymplectic groupoids is provided by the 
following result: 

Proposition 2.3 [2] Given a presymplectic groupoid (G,lv), there is a canonical Dirac 
structure L on M which is isomorphic to the Lie algebroid AG of G, and such that the 
target map (3 : (G,L U ) — > (M, L) is a Dirac map, while the source map a : (G, L^) — » 
(M, L) is anti-Dirac. 

Conversely, suppose that L is a Dirac structure on M whose associated Lie algebroid is 
integrable, and let G(L) be its a-simply connected integration. Then, there exists a unique 
2-form ijj such that (G(L),u>) is a presymplectic groupoid, the target map is a Dirac map, 
and the source map is anti-Dirac. 

2.2 Dirac-Jacobi structures 

Let M be a smooth n-dimensional manifold. There is a natural bilinear operation (•, •) on 
the vector bundle £ l (M) = (TM xl)$ (T*M x R) defined by: 

((Xx, h) + (6, si), (*2, h) + (6, 52)) = \{ix 2 ii + ix£2 + fm + f29i), 

for any fy) + (£e,ge) E r(£ (M)), with I = 1,2. In addition, the space of smooth 
sections of S 1 (M) is equipped with an M-bilinear operation which can be viewed as an 
extension of the Courant bracket on TM © T*M, i.e. 

[(X 1 ,/ 1 ) + fe, 5l ),(X 2 ,/ 2 ) + (6,52)] = ([X 1 ,X 2 ],X 1 {f 2 )-X 2 {f 1 j) 

+ (£xi& - £x 2 ii + \d{ix 2 £i - 
+/162 - Mi + 3(52^1 - g\df 2 - f\dg 2 + f 2 dgi), 
Xi(g 2 ) - X 2 {gx) + l(ix 2 £i - «Xi6 - hgi + /1S2)) , 

for any (Xj>, fi) + (^, gi) E T(f X (M)) with £ = 1, 2. For an alternative description of this 
bracket, see (§]. 

Definition 2.4 11 ^4 Dirac-Jacobi structure is a subbundle L of £ l (M) which is 
maximally isotropic with respect to (•, •) and such that T(L) is closed under the extended 
Courant bracket [•, ■]. 

Let Lm (resp., Ln) be a Dirac-Jacobi structure on M (resp., N). We say that a smooth 
surjective map F : M — > N is a (forward) Dirac-Jacobi map if L^ = F*(Lm), where 

F*(L M ) = {((dF)(X)J) + (Z,g) I (X,foF) + (F*C,goF)EL M }. 

Basic examples of Dirac-Jacobi structures are Dirac and Jacobi structures on M (this 
explains the terminology introduced in [7]). 
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2.3 Action Lie algebroids and 1-cocycles 

It is known that, given any a Lie algebroid (A, [•, •], p) over M and any 1-cocycle <j> G T(A*), 
there is an associated Lie algebroid over M x R, denoted by (Ax^M, [-, •] </, ,p ), where the 
smooth sections of A R are of the form X(x, t) = Xf(x), with G T(^4) for all t 6l, 
and 



p*(X){x,t)= P {X t ){x) + 4>{X t ){x)§ i , 



(1) 

at' 



<9X 

where -7^- G r(j4 X^ R) denotes the derivative of X with respect to t. 

Remark 2.5 If L is a Dirac-Jacobi structure then the restriction of the extended Courant 
bracket to sections of L together with the canonical projection of L onto TM make L into 
a Lie algebroid over M. In addition, <fi G T(L*) defined by 

4>(v) = f, for v = (X, f) + (£, g) G T(L), (2) 

is a 1-cocycle for the Lie algebroid cohomology (see jSj)- On the other hand, it is known 
that a Dirac-Jacobi structure L on M corresponds to a Dirac structure L on M x R given 
by 

L = { (X + /-) + (e* (£ + ff dt)) I /) + (£, s) € . (3) 
Moreover, L is isomorphic to L x^K. 

2.4 Conformal classes of Dirac-Jacobi structures 

Let L be a Dirac-Jacobi structure on M and let </> be a smooth nowhere vanishing function 
on M. We set = din \<p\. Consider the vector bundle L v over M whose space of smooth 
sections is given by 

r(L„) = {(X, f - u{X)) + + gn, g) | (X, f) + (£, 5 ) G T(L)}. 

One can easily check that L„ is also a Dirac-Jacobi structure on M. The correspondence 
(L, 9?) i— > is called a conformal change. For any fixed L, the family of all (L v ) is 
called a conformal class of Dirac-Jacobi structures. For instance, when L comes from a 
presymplectic form uj then is nothing but the Dirac-Jacobi structure associated with 
(tpu, din \tp\) (see ^2E3 for more details). 

3 Precontact groupoids 

a 

Definition 3.1 Let G =$ M be a Lie groupoid such that dim(G) = 2dim(M) + 1. A 
precontact groupoid structure on G is given by a pair (r],a) consisting of a 1-form r/ 
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and a multiplicative function a (i.e., cr(gh) = o~(g) + a(h)) such that 

m*n = pr\r\ + pr\(e a }pr\r). 



(4) 



Ker (drj x ) n Ker (n x ) n Ker (da) x n Ker (d/3) x = {0}, for all x G M. (5) 

Tu>o precontact structures (rj,a) and (f/, cr 7 ) on G are equivalent if there exists a nowhere 
vanishing function ip : M — > R suc/i i/icrf 



rj = (<p o a) rj, a = cr + In 



tp o a 



ipo(5 



Now, consider a Lie groupoid G ^ M together with a multiplicative function cr. One can 
define a right action of G on the canonical projection tt\ : M x R — > M as follows: 

(x, t) ■ g = (a(g),t + cr(g)), for (x,t,g) G M x R x G, such that /3(g) = x. 

Therefore, we have the corresponding action groupoid GxKz|MxK, denoted by Gx ff K, 
with structural functions given by 

u<r(g,t) = (a(g),cr{g) + t), 

a (h,s) = ((3(h),s), (6) 
m a ((g, t), (h, s)) = (gh, t), if a a (g, t) = /3 a (h, s). 

We denote by (AG, [ , ],p) the Lie algebroid of G. The multiplicative function a induces 
a 1-cocycle <f> on AG given by 

4>(x)(X x )=X x (a), for x G M and X, G A X G. (7) 

In addition, we can identify the Lie algebroid of the Lie groupoid G x a R with AG x^ R. 
Conversely, one has the following 

Proposition 3.2 [1] Zei L be a Lie algebroid over M, <j> be a 1-cocycle and L x^R the 
Lie algebroid given by Equation Then, L is integrable if and only L x^R is integrable. 
Moreover, if G(L) (resp., G(L x^R)j is the a-simply connected integration of L (resp., 
Lx^Rj and a is the multiplicative function associated with <fi, then G(L x^R) = G(£) x CT R. 

There is a correspondence between precontact and presymplectic groupoids. Indeed, one 
has the following proposition: 

Proposition 3.3 Let G ^4 M be a Lie groupoid and a a multiplicative function on G. 
There is a one-to-one correspondence between precontact groupoids on (G, a) and homo- 
geneous presymplectic groupoids on G x CT R. 
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Proof: We know that there exists a one-to-one correspondence between 1-forms on a 
manifold M and 2-forms on M x R homogeneous with respect to Jj. More precisely, if n 
is a 1-form on M then u = d(e t rj) is a homogeneous 2-form onMxI. Conversely, assume 

that co is homogeneous and set n = ia_u. One can check that Ca_ n = n. Hence r\ can 

at at 

be identified with a 1-form on M. Using the relation oj = d(e rj), it is straightforward to 
prove that conditions (ii) and (iii) in Definition 12.21 are equivalent to Equations (@J and 
©. ■ 



4 Integration of Dirac-Jacobi structures 

In this section, we show that precontact groupoids are the global objects corresponding 
to Dirac-Jacobi structures. First, note that the following lemma which is an immediate 
consequence of Remark 12.51 and Proposition 13.21 

Lemma 4.1 A Dirac-Jacobi structure L is integrable if and only if its associated Dirac 
structure L C T(M xl)ffi T*(M x R) is integrable. 

Theorem 4.2 Let L be an integrable Dirac-Jacobi structure on M , and let G(L) be its a- 
simply connected integration. There exists a multiplicative function a and a 1-form rj such 
that (G(L),rj,a) is a precontact groupoid. Furthermore, any conformal class of integrable 
Dirac-Jacobi structures on M induces a conformal class of precontact groupoid structures. 

Proof: Suppose L is an integrable Dirac-Jacobi structure on M. We denote by € 
r(L*) the 1-cocycle defined by Equation (|2"|). By integration, the 1-cocycle eft induces a 
multiplicative function a on G{L). Denote by L the Dirac structure onMxM associated 
with L given by Equation ©. Applying Proposition ^. 31 one gets a presymplectic groupoid 
(G(L),uj). Moreover, one gets from Remark 12.51 and Proposition 13.21 that 

G(L) ^G(Lx^t)^ G(L) x a R. 

Observe that uj is homogeneous with respect to the multiplicative vector field Jj. Indeed, 
the differentiable family of diffeomorphisms vp s : M x W — >MxR defined by ip s (x,t) = 
(x, s + t) consists of Dirac maps, i.e (tp s )* (L) = L- Furthermore, by integration and using 
the flow vp s : G(L) xR-> G(L) x R (g, t) i— >• (g,t + s) of the vector field J^, we get 

Cd_u = uj. 

at 

Thus, using Proposition 13.31 we deduce that there exists a 1-form n such that (G(L),r], a) 
is precontact. Recall that, for every nowhere vanishing function ip on M, there is an 
equivalent Dirac-Jacobi structure on M whose space of sections is given by 

F(L V ) = {(X, f — »(X)) + <p£ + gpi, g) \ (X, f) + (£, g) G T(L)}. 
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Consider the 1-cocycle 4> v € T(L* ) defined as follows 

<M<0 = / " MPO, ^ all e = (X,f- fi(X)) + p(£ + <?/x, <?)• 
We have a natural commutative diagram of vector bundle morphisms: 

L ► L/tp 

I I 

Moreover, induces a precontact structure (r] v ,a v ) on G(L V ) = G(L) given by 

99 o a 



i] v = ((p o a) r] a v = a + In 



Thus, any conformal class of integrable Dirac-Jacobi structures on M induces a conformal 
class of precontact groupoid structures. ■ 

Conversely, we have the following result. 

Theorem 4.3 Let (G,rj,a) is a precontact groupoid over M . Then, there exists a canon- 
ical Dirac-Jacobi structure Lm on M which is isomorphic to the Lie algebroid AG. More- 
over, (3 : G — > M is a Dirac-Jacobi map. 

Proof: By Proposition 13.31 one has the presymplectic groupoid {G x a JR., u = d(e t rj)) over 
M x R. Then, using Proposition 12.31 one gets a Dirac structure LmxR on M xl such 
that (5 a is a Dirac map. Thus, 

Lm xi = {dp a ^X + F^ + (^ + Gdt^\i {x+F a_ ) Lo = p*(C + Gdt)} 

= ^ a (x + F§^ + (^ + Gdt)\p*(0 = e t (i x dr ] + Fr,), G = -e t V (X)}. 

Therefore, one can write LmxR = Lm, where Lm is the Dirac-Jacobi structure given by 

L M = {((df3)(X),F) + (Z,G)\p*(0 = i x dr J + Fr l , G = - V (X)]. 
By construction, (3 : G — > M is a Dirac-Jacobi map. There follows the result. ■ 

5 Examples 

In this section, we will give some examples of Dirac-Jacobi structures and describe their 
corresponding precontact groupoids. 
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5.1 Precontact structures 



A precontact structure on a manifold M is just a 1-form 9 on M. A precontact structure 
9 on M induces a Dirac-Jacobi structure Lg whose space of smooth sections is 

T(Lg) = {(X, /) + (i x d9 + fe, -i x 9) | (X, f) G X(M) x C°°(M)}. 

We observe that the Lie algebroids Lg and (TM x R, [•, -],vr) are isomorphic, where ir : 
TM xl^ TM is the canonical projection over the first factor and [■, •] is given by 

[(X,f),(Y,g)} =([X,Y],X(g)-Y(f)), 

for (X, /), (Y, g) G X(M) x C°°(M). Moreover, under the isomorphism between Lg and 
TM x R, the 1-cocycle (j) is the pair (0, 1) G fi x (M) x C°°(M). 

On the other hand, consider the product G = MxMxRof the pair groupoid with R. 
The function a : G — > R, (x,y,t) i— > t, is trivially multiplicative. In addition, if is a 
1-form on M then one can define the 1-form 77 on G given by 

n = TT*e- e a ir^9, 

where Xj, i G {1, 2}, is the projection on the i-th component. Then (G, 77, cr) is a precontact 
groupoid and, moreover, the corresponding Dirac-Jacobi structure on M is just Lg. 

5.2 Dirac structures 

Let Lq be a vector subbundle of TM@T*M and consider the vector subbundle L of £' 1 (M) 
whose sections are 

T(L) = {(X, 0) + (a, /) I X + a G r(L ), / G C°°(M)}. 

Then, Lq is a Dirac structure on M if and only if L is a Dirac-Jacobi structure. 
If we denote by Lq (resp., L) the Lie algebroid associated with the Dirac structure (resp., 
the Dirac-Jacobi structure), then we have that L = Lq xR. Moreover, a direct computation 
shows that the bracket on T(L) is given by 

[(#! , /1 ) , {x 2 ,f 2 )\ L = (jxi , x 2 j Lo , PLo (x x ) (/ 2 ) - PLo {x 2 ) (A) + n Lo {x x , # 2 )) , 

for {X2J2) e and where ([, ]x ,Pl ) (resp., ([, ]l,Pz)) denotes the Lie 

algebroid structure on Lo (resp., L) and f2i G T(A 2 Lq) is the closed 2-section given by 

n Lo (x 1 ,x 2 ) = ^(tx(x 2 ) - UXij), for Xi = Xi + £i€ r(L ). 

Therefore, we have that the Lie algebroid structure on L is just the central extension of the 
Lie algebroid Lq by the closed 2-section &l - On the other hand, from Equation ©, one 
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sees that the 1-cocycle <f> identically vanishes. If Lq as well as L are integrable and (G, lo) 
is the presymplectic groupoid associated with Lq then one obtains a prequantization of 
(G,u>), that is, a central extension of Lie groupoids 

and a multiplicative 1-form r] G Q 1 (G) (m*r) = pr\r) + pr^rj) which is a connection 1-form 
for the principal S^-bundle tt : G — > G and which satisfies drj = tt*uj (see |3]). 



5.3 Jacobi manifolds 

Let (A, E) be Jacobi manifold and Li^m the corresponding Dirac-Jacobi structure 
L {A ,E) = {(A s (a a .) + \E X , —a x {E x )) + (a x ,X) | (a x ,X) G T^M x R, x G M}. 

In this case, the corresponding Dirac structure on M x R is the one coming from the Pois- 
sonization of the Jacobi structure (A, E), i.e. II = e~*(A+ AE). Thus, the presymplectic 
groupoid is a honest symplectic groupoid (see [2]), and therefore, the precontact groupoid 
structure integrating ^(a,s) i s a contact groupoid, i.e., the 1-form defines a contact 
structure on G. This result was first proved in (HJ (see also, [UEI]). Acknowledgments: 

D. Iglesias wishes to thank the Spanish Ministry of Education and Culture and Fulbright 
program for a MECD/Fulbright postdoctoral grant. A. Wade would like to thank the 
MSRI for hospitality while this paper was being prepared. 
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